Signal Processing 104 (2014) 284-290

journal homepage: www.elsevier.com/locate/sigpro

Contents lists available at ScienceDirect

SIGNAL

PROCESSING

Signal Processing

Underdetermined direction-of-departure and
direction-of-arrival estimation in bistatic

@ CrossMark

multiple-input multiple-output radar™

Frankie K.W. Chan?, H.C. So?, Lei Huang ™*, Long-Ting Huang?

2 Department of Electronic Engineering, City University of Hong Kong, Hong Kong, China
b Department of Electronic and Information Engineering, Harbin Institute of Technology Shenzhen Graduate School, Shenzhen, China

ARTICLE INFO

ABSTRACT

Article history:

Received 28 October 2013
Received in revised form

10 April 2014

Accepted 17 April 2014
Available online 30 April 2014

Keywords:

Direction-of-arrival estimation
Direction-of-departure estimation
Subspace method

Maximum likelihood estimator

In this paper, target localization using bistatic multiple-input multiple-output radar where the
source number exceeds the sizes of the transmit and receive arrays, denoted by M and N,
respectively, is addressed. We consider the Swerling II target in which the radar cross section
varies in different pulses. Two algorithms for joint direction-of-departure (DOD) and direction-
of-arrival (DOA) estimation of the targets are devised. The first one is a subspace-based
estimator which is computationally simpler and can identify up to 2(M —1) (2N —1) sources,
assuming that N > M. The second is a maximum likelihood method with a higher estimation
accuracy, where the DODs and DOAs are solved via alternating optimization. Simulation
results are included to compare their mean square error performance with the Cramér-Rao
lower bound.
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1. Introduction

The topic of source localization with the use of multiple-
input multiple-output (MIMO) radar has received consider-
able interest [1-3]. The orthogonal waveforms emitted by the
transmit antennas of the MIMO radar, when impinge
on moving targets, will be reflected to its receive antennas.
Unlike traditional phase array radar which uses coherent
waveforms, MIMO radar simultaneously transmits multiple
orthogonal signals and is able to offer superior performance.
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Basically, there are two categories of MIMO radars, where
statistical and colocated antennas are employed.

In the first class [2,4-6], the transmit antennas are widely
separated compared with their distances to targets. Hence, the
sources can be identified from different directions simulta-
neously, and spatial diversity gain of targets as well as high
target resolution are achieved. The second type can be further
classified as monostatic [7-10] and bistatic MIMO radars
[11,12], where both of the elements of transmit and receive
antennas are closely spaced compared to the target ranges.
Their main difference is that the transmitters and receivers are
close to each other in the first type of radar but they are
separated away from each other in the bistatic counterpart.
This leads to the consequence of same and distinct direction-
of-departure (DOD) and direction-of-arrival (DOA) for each
target in the former and latter, respectively. In this work, our
task is to find the DODs and DOAs for locating multiple targets
using the bistatic MIMO radar in the underdetermined
scenario of K > max(M, N) where K, M and N represent the
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numbers of targets, transmit antennas and receive antennas,
respectively.

A number of underdetermined DOD and DOA estimation
algorithms have been developed for the MIMO data model
where the radar cross section (RCS) remains un-
changed in all the pulses, namely, the Swerling I target. In
the presence of white Gaussian noise, the optimum solution is
obtained by finding the peak of the maximum likelihood (ML)
cost function, and the corresponding 2K-dimensional (2K-D)
optimization problem can be broken down into 2K iterative 1-
D searches [12]. To avoid large computational burden due to
the highly nonlinear maximization, subspace methodology
which exploits the signal and noise subspaces via eigenvalue
decomposition of the sample covariance matrix or singular
value decomposition (SVD) of the raw data matrix is a popular
choice for suboptimal techniques. 2-D multiple signal classi-
fication (MUSIC) [13,14], which uses the noise subspace, has
been suggested using double polynomial root finding proce-
dure to estimate the DODs and DOAs. On the other hand,
estimation of signal parameters via rotational invariance
technique (ESPRIT) [11,15,16], which employs the signal sub-
space, is able to produce closed-form DOD and DOA estimates
with auto-pairing. In this work, we consider a fast changing
environment when the RCSs are different among the pulses.
That is, Swerling I target model is adopted [17,18]. The
transmit and receive antenna configurations are assumed to
be uniform linear array (ULA). Under this setting, the number
of identifiable targets is nearly four times that of the model
with identical RCSs. Two joint DOD and DOA estimation
algorithms where the first is a computationally efficient
ESPRIT-like algorithm and the second is a ML estimator with
high estimation accuracy, will be devised.

The rest of this paper is organized as follows. In Section
2, the data model and problem formulation are presented.
The ESPRIT method is developed and its identifiability is
analyzed in Section 3. In Section 4, the ML estimator is
derived and we propose to apply alternating optimization
to solve for the DODs and DOAs with the ESPRIT solution
being the initial estimate. In Section 5, the localization
performance of the two algorithms is evaluated by compar-
ing with the Cramér-Rao lower bound (CRLB). Finally,
conclusions are drawn in Section 6.

Throughout this paper, we use boldface uppercase letters
to denote matrices, boldface lowercase letters for column
vectors, and lowercase letters for scalar quantities. Super-
scripts ()%, ()T, O, ()71 and ()" represent complex con-
jugate, transpose, Hermitian transpose, matrix inverse, and
pseudo inverse, respectively. The gradient of f(a) with respect
to a is denoted by V,f. The Ra and I« denote the real part
and complex part of a. Moreover, @ denotes the estimate of a
and E{a} is the expected value of a. The [A],, , represents the
(mn) entry of A, while tr(A) and |A| are the trace and
determinant of A, respectively. The block diagonal matrix,
with A; and A, being its components, is denoted by diag
(A1,A>), and vec(A) is the columnwise vectorized version of
A. The Kronecker product and Khatri-Rao matrix product are
denoted by ® and o, respectively. Furthermore, I; is the M x
M identity matrix, 1), is the M x 1 vector with all elements
equal one and 0y, is the M x 1 zero vector. The X ~ CN (u, X)
means that x is complex Gaussian distributed with mean g
and covariance matrix X.

2. Signal model and problem formulation

Consider a bistatic MIMO radar system with an M-
element transmit and an N-element receive ULAs for
locating K targets in the range bin of interest. The emitted
signal impinges on the targets and the pth reflected pulse
signal arrived at the receive antennas, after matched
filtering, can be expressed as

X,=F$+Q,, p=1.2...P )
where
F=HGe CMNXK (2)
G=[g g - gleC"K (3)
H=[h; hy - hK]CNXK @)
L o r
o= [1exp2AINO0  gp 22N D O
(5)
L o r
= [1exp 2SO0 2N DM@}
(6)

The ) e (—x/2,7/2) and ¢ € (—z/2,7/2) denote the DOD
and DOA of the kth target to be estimated, respectively.
Furthermore, 2 is the carrier wavelength while d; and d,
are the inter-element separations in the transmitter
and receiver, and they are known constants. A total of P
pulses in the interesting range bin are collected, and in
each pulse, there are L samples or snapshots. In this
work, we consider the underdetermined scenario of
max(M,N) <K <min (L,P). The [Sy],, is RCS of the ¢th
snapshot within the pth pulse of the kth target. It is
assumed that the distribution of the RCS of the kth target
is the same for snapshots within pulses but different
among pulses, that is, [Spl;,~ N (O, af’p), p=1,2,...P,
k=1,2,...K, #=1, 2,...,L. The (k,#) entry of Q, is the
zero-mean white Gaussian noise of the kth target at the
7th snapshot in the pth pulse, which is independent
among snapshots, pulses and targets, and we can write
[vec(@y)' vec(Qy)" - vec(Qp)'1" ~ CN Ounipxi, o”Tunep).
The values of {(xﬁ’p} and ¢? are unknown. Note that (1)-
(6) correspond to the Swerling II [19] target model where
the RCS varies in different pulses. For the ease of presenta-
tion, we convert the DODs and DOAs to spatial frequencies
by letting 6 =2zd; sin(@y)/2 and ¢, = 2xd, sin(d;)/A.
Since d,, d, and 4 are known and —z/2 < 8y, ¢ < /2, we
can straightforwardly determine the DODs and DOAs once
0 and ¢ are estimated.

3. ESPRIT-like estimator

Let X, € CYN be the ¢th column of X,, that is,

Xp =[Xp1 Xp2 - Xp1]. (7)
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The covariance matrix of the pth pulse, denoted by Ry,
p=1,2,...,P, is easily shown to be

1 1 L '
Ry =IE{XpX£'} =1 Y E(Xps X} =F diag(ap) F + 02 Iyy
£=1
®)
where
ap = [(l],p azp - al(.p]T. (9)

Our first step is to compute the ranks of several matrices
in order to determine the signal subspace of the ESPRIT
estimator. When noise is absent or ¢% = 0, vectorizing R,
yields

vec(Rp) = (F*F)ap, p=1,2,...,P. (10)
Stacking the P vectors in (10), we obtain

R £ [vec(Ry) Vec(Ry) - vec(Rp)] = (F*oF)A e CMNV* P (11)
where

A=[a; az - ap]. (12)

As A € RX*P is drawn randomly from a distribution where
K < P, it has full rank with probability one. As a result, the
rank of (F*oF) A equals that of F*oF. The rank of F*oF is
now investigated.

Len;lrga . 12 There exists a permutation matrix Je {0,
1M NMNT qych that

F*oF = J(H*°H°G*°G). (13)

Proof of Lemma 1. There exists a permutation matrix
J e {0, }MNMN gych that G¥oH = j(HoG*). We then have

F*°F = (H*o(J(H°G"))°G) = J(H*°H°G*°G) (14)
where
J=hheojo I (15)

From Lemma 1, the rank of F*oF equals that of H*oHo
G*oG. Therefore, we now investigate the ranks of G*oG and
H*oH.

Lemma 2.
G*oG = LG (16)
where
el1=M)01 (1 -M)o, el(1—M)ok
_ | e gie-m; 2 M| o ik
ej(M; 161 ej(M; 16, e]'(M; 1ok

a7)

and L e {0, 1}M*@M-1)

Proof of Lemma 2. The kth column of G*°G is g} ® g,
which equals vec(ggl). As ggl e MM is Hermitian
Toeplitz with first column and first row being g, e CV
and gff, respectively. Therefore, g} ® gked:"”z has only
(2M —1) distinct entries.

Corollary 1.
H*H=LyH (18)
where
el1=Npy i1 =Ny i1 =Ny
_ ei2=Np1  @i2—Ngy ei2— Ny _ CN- 1k
ej(N; Der @N . 1 ej(N—' Db

(19)
and Ly e {0, )N *@N-D,
Based on Lemma 2 and Corollary 1, we have
Lemma 3. The rank of H*oHoG*oG equals that of HoG.

Proof of Lemma 3. By (16) and (18), we have

H*oHoG*oG = L(HG) (20)
where
L=LyQ Lc. (21)

As L e{0,1)MN*CM=D2N-1 hag rank 2M—1)2N—1),
the rank of H*oHoG*oG equals that of HogG.

From (17) and (19), Ge C@M~DxK and H e CN-D*K gre
Vandermonde matrices and the following theorem speci-
fies the rank of #ogG, which is also the rank of F*oF.

Theorem 1. If 6, and ¢, are sampled from a distribution that
is continuous with respect to the Lebesgue measure in CK,
then the rank of HoG is min((2M—1)(2N—1),K) almost
surely.

Proof of Theorem 1. See [20, p. 45].

In the presence of noise or ¢ > 0, we employ (8), (11), (13)
and (20) to obtain

R =JL(HOG)A+ % 1yn1) (22)
where
1N = vec(Iyn) (23)

To remove the noise component, we post-multiply (22) by
the null space of 1}, denoted by (1})*. Together with pre-
multiplication of the pseudo inverse of J£, a modified
covariance matrix is constructed as

RA Gl:)TR(—l;)J_ — (Hog)A(-l;)J_ e C(ZM_ 12N -1)x(P— 1).
(24)

As P—1 =K, the matrix A(15)* € C¥*®?~1 has rank K with

probability one. As a result, the rank of R equals that

of HoG. By Theorem 1, R has rank K because K <
(2M —1)(2N —1). According to SVD, R can be decomposed as

R =U; diag(1, 22..., 40U + Uy, diag(iic 1, Ak 4 2. Ap— 1)U

(25)
where
M >dy> >k >dke1=-=Ap_1=0. (26)
Here, U e CeM-DEN-DxK 354 U, e C@M=1D@N-1)x(MN-K)

represent the signal and noise subspaces, respectively, and
M,22,...,Ap_1, are the corresponding singular values. It is
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clear that the kth column of [U; U,] is the singular vector
corresponds to A.

Nevertheless, we only have the sample covariance
matrices which are computed as ﬁp:XpXZ’/L, p=1,2,
..., P. That is to say, in practice, Us is computed from
R=(JC)RAN* (27)
where R = [vec(R;) vec(R>) -+ vec(Rp)] and now 1; > i, >
Ak >Aks1>-+>4ip_1>0 where i, denotes the singular
values of R.

After obtaining Us, we utilize the ESPRIT technique for
parameter estimation by constructing four submatrices,
namely, Z; e CZ(M—])(ZN—])XK, z, e C2M=1DEN=1xK Zsc
C2N=DCM=DxK and z, e C2N-DEM=DxK 35 follows. Let =
be an index matrix

1 2M 2M—1)(2N—1)—2M+2
_ 2 2M+1 2M-1)2N—1)—2M+3
2M—-1 4M-2 2M—1)2N—-1).

(28)

Then, Z; and Z, are the same as U; except that the rows
indexed by the last row and first row of E being removed,
respectively. Furthermore, Z5 and Z, are the same as Us
except that the rows indexed by the last column and first
column of E being removed, respectively. In doing so, two
equations are formed

Z1Q~ 2, (29)
and
Z3I'~ 2y (30)

where the phase angles of the eigenvalues of Q and I' are
O and ¢, k=1,2,...,K, respectively. The least squares (LS)
estimates of Q and I are easily determined as

o=zz, (31)
and
r=z[z, (32)

For auto-pairing, the eigenvalues and eigenvectors of Q are
first calculated, that is, & = TCT~! where the columns of T
are eigenvectors and C is the diagonal matrix of eigenva-
lues. Then, we compute T~ 'I'T whose angle of the kth
diagonal element is the estimate of ¢, and automatically
paired up with that of 6. Alternatively, joint DOD and DOA
estimation can be achieved by constructing a matrix V of
the form

V=Q+jI (33)
where

O =jlx+Q) "Ik -) (34
I =jlx+1)" "I 1) (35)

Then, &, and ¢, are obtained from the eigenvalues of V,
denoted by vy, k=1,2,....K, as

0 =2 tan ~ ' (R(vy)) (36)

br=2 tan ' (I(vy)). 37)
From (36) and (37), the DODs and DOAs are automatically
paired up. Employing the angle estimates to construct the

approximate forms of G and H, denoted by G and #, we
can compute A and ¢ as follows. Using (22) and vector-
ization, we have

vec(R)~Ip ® (JL(FoG)vecB)+d°1} @ tyn

N vec(A
=[lr ® JL(H°0) 1} ® :MN]{ Gﬁ )} (38)
The LS estimates of A and ¢ are then
A 2
{"ecf") } —[lp ® JL(F°6) 15 @ n]lvec®).  (39)
o

To guarantee unambiguous angle estimation, (29) and (30)
indicate that the column lengths of Z;, Z;, Z3 and 24
should be equal to or larger than those of the correspond-
ing rows. Recall Z;, 2, e C*M-DCN-DxK gnd =z, Z,e
C2N-DEM-DxK the maximum number of targets that can
be identified is thus equal to 2(M—1)(2N—1), assuming
that N > M. Since performing SVD on ‘R corresponds to the
major computational load, the complexity of the ESPRIT
algorithm is O(P?). It is worth pointing out that apart
from ESPRIT, joint DOD and DOA estimation can also be
achieved by applying the MUSIC algorithm on R.

4. Maximum likelihood estimator

In the following, the ML estimates of  and ¢ are
obtained using alternating optimization. First, let x, be
the vector collecting the #th snapshot of all pulses, that is,
x,=[x], x}, - x}I". To derive the ML estimator, the first
step is to construct the probability density function (PDF)
of x,:

px,)=z"YNP|R| =" +-exp{— xR~ "x/} (40)
where
deiag(Rl,Rz,...,Rp) (4])

Note that R is block diagonal as S, and Q,, are uncorrelated.
The joint PDF of x1, %, ..., &, which are independent, is

L

PRy, X, ... %) = H] P(Xy). (42)
=

Taking logarithm on both sides yields

log(p(x1, %2, ..., X)) = — L(MNP log(x) +log(IR)))

L
— 3 2R 'x,. (43)
=1

Let @ =[0; 0, - 6] and ¢ =[¢; ¢ - ¢i]". Dividing both
sides by L and removing the constant term yields

1 L
—f(0.9.A.5*) =log(R)+7 3 tr(R"'x, x)
L2

S log(RyD++ 3 3 (R ”
p§1 og(| p|)+zf§]p§1 r( p Xps Xp,x’)

P .
z]<log(|Rp|>+tr(R;1Rp>) (44)
p=
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where

L
; XP s X . (45)

In the following, f(@,¢,A,?) is replaced by f for brevity.
Maximizing the ML cost function in (42) is equivalent
to minimizing f. To avoid the extremely demanding
(2K+KP+1)-D search, we propose to utilize alternating
optimization as follows. First, we construct F with the use
of estimates of # and ¢ to find A and ¢2. Then, the estimates
of A and ¢? are treated as known parameters to update 6 and
¢. lterations between these two sets of parameters are
performed until a stopping criterion is reached. That is, our
alternating optimization algorithm can be conceptually sum-
marized as

{A(Hl) 52 Dy = arg mmf(0 " A, (46)
@™ 3" Zarg mlnf(0 @, AT 52 a+1)y (47)
where @™ is the estimate of a at the nth iteration. Let

e=1[0" ¢" vec(A)" o2]". The gradient of f with respect to the
ith element of ¢ is

P .
Vef = z] tr((VeRpR, (R, —Rp)R, ). (48)
p =

The ML estimate is obtained by finding the roots of V. f = 0.
When & = ap =[a1p azp - axpl’, (48) becomes

(FF) R, " ® R, )(FFap+o’iyy —p) (49)
where
), = vec(Ry). (50)
Equating (49) to zero yields
Ypap +Kp0'2 =1 51
where
Y, =(FF'R," ® R, )(FF) (52)
xp =FF R, " @ R, iy (53)
7 =FP'R," R, (54
Grouping (51) for p=1,2, ..., P, we obtain
Ya=1 (55)
where
=[Y «] (56)
a=[al o} - a} *" (57)
T= [1? rg TIT)]T (58)
Y = diag(Y1, Y, -+, Xp) (59)
=[xl &b B (60)
The LS solution of (55) is then
a=Y"z. (61)

That is, (46) is realized by (61), and we use the ESPRIT
estimates of 0, ¢ and « to construct Y and < as the first step
of the ML estimator. On the other hand, (47) is implemented
via K 2-D searches

m+1) ~(m) ~n+1) ~(m

ak ’¢k ¢I< >

A" 2 m) (62)

A(+1) ~(M+1)
{0 >¢’k }= argmmf(ak,(;zk,ak

U denotes [0; 0, - 0y 4] at the (n+1) th

0k]" at the nth

where éinf

. . ~(n ~ ~
iteration and 0;(2 represents [0y 1 Oxy2 -

n+1 (n
iteration, while ¢;<7 " are ¢,<+) are defined similarly.

5. Simulation results

Computer simulations are conducted to evaluate the
performance of the ESPRIT and ML methods for joint DOD
and DOA estimation in bistatic MIMO radar. Newton's
method is applied for solving (62) in the ML estimator,
and five iterations are employed as the stopping criterion
because no significant improvement is observed for more
iterations. The mean square error (MSE) is assigned as the
performance measure:

MSE(@6) = z 10 —6,] (63)

KR

R N
MSE@) = i 2 16417 (64)

where R=100 is the number of independent runs, while 0,
and ¢, are the estimates of @ and ¢ in the rth trial.
Furthermore, the minimum achievable variance bench-
mark of CRLB (see Appendix) is included for assessing the
algorithm optimality. We properly scale the noise matrices
{Q,} whose entries are circular complex-valued zero-mean
white Gaussian variables to produce different signal-to-noise
ratio (SNR) conditions. The SNR is defined as

SMN XL X IFT A2
o2 MNLP

We fix M=2, N=3, K=6, d;=d,=0.25, =[-70 —35
—18153041]° and ¢=[-60 —42 —215 23 43]° and
the MSE performance under different values of L and P is
studied. Note that L represents the number of samples in
each pulse. That is, the pulse width is proportional to L and
the sampling intervals for different values of L are identical
and thus there is no change in bandwidth. Moreover, a larger
value of L or P means more temporal information.

In the first test, we set L=128 and P=50. The results of
MSE (@) and MSE (¢) are shown in Figs. 1 and 2, respec-
tively. It is seen that the ESPRIT algorithm provides an
suboptimal performance and its MSEs are above the CRLB
by more than 5 dB. On the other hand, the MSE of the ML
estimator is able to attain the CRLB when SNR >4.5 dB.
This also implies that the ESPRIT performance cannot
attain the CRLB since its equivalent aperture has been
reduced but it is suitable for initializing the ML scheme. In
the second test, the parameters are changed to L=256
and P=50. The results shown in Figs. 3 and 4 are similar to
those in Figs. 1 and 2 except that the threshold SNRs of
MSE (@) and MSE (¢) of the ESPRIT and ML algorithms
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; ;
— A ESPRIT
—e—ML
0 —CRLB

0 8 -6 -4 -2 0 2 4 6 8 10
SNR (dB)

Fig. 1. MSE versus SNR of ¢ with L=128 and P=50.

; ;
—A—ESPRIT
—&—ML

04 - —__ _CRLB H

MSE (dB)
1
&

SNR (dB)

Fig. 2. MSE versus SNR of ¢ with L=128 and P=50.

T T
—4A— ESPRIT
—&—ML
—CRLB

MSE (dB)

SNR (dB)

Fig. 3. MSE versus SNR of ¢ with L=256 and P=50.

change to —2.5dB and 2.5 dB, respectively. Finally, the
scenario of L=512 and P=25 is investigated. From Figs. 5
and 6, MSE (@) and MSE (¢) of the ESPRIT algorithm are
about 7 dB larger than the CRLB. On the other hand, the ML
algorithm can attain optimal performance when the SNR is
larger than 5 dB. It is worth noting that when the initial

MSE (dB)

SNR (dB)

Fig. 4. MSE versus SNR of ¢ with L=256 and P=50.

5 T T
—A&—ESPRIT
ol : ‘ —o—ML L
4 CRLB

MSE (dB)

SNR (dB)

Fig. 5. MSE versus SNR of 6 with L=512 and P=25.

5 : T
—4A— ESPRIT
04 —o—ML
CRLB

MSE (dB)

-40 i i i i i i i i i

10 -8 -6 -4 -2 0 2 4 6 8 10
SNR (dB)

Fig. 6. MSE versus SNR of ¢ with L=512 and P=25.

estimates are not sufficiently close to the global solution,
local convergence and thus large estimation error will
be resulted in the ML method. Hence it has the same
threshold performance as that of the ESPRIT method.
Nevertheless, it is expected that the former will give
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a lower threshold SNR if there is a more accurate initial
guess.

6. Conclusion

Two joint DOD and DOA estimation algorithms for
bistatic MIMO radar in the presence of white Gaussian
noise have been developed. We consider a fast changing
environment such that the RCSs vary among pulses. The
first is a computationally efficient ESPRIT-like algorithm
with suboptimal estimation performance. While the sec-
ond is the ML estimator which is realized by alternating
optimization, and its MSE can attain the CRLB at the
expense of higher computational complexity.

Appendix A

The CRLB is derived as follows. The observation vector
is x,=[x], xI, - x] ", which is normally distributed
with mean Oyp,1 and covariance R in (41). The (m,n) entry
of the stochastic Fisher information matrix (FIM) is [21]

[FIM],,,, = Lte(Viyy, OR ™1V, R ™) (A1)
where
n=[0" ¢" vec(A)T o*]". (A2)

As R=diag(R{,Ry,...,Rp) is block-diagonal, (A.1) can be
written as

P
(M), =L % tr((Vig, RpR, ' (Vi R)R, )
p

=L
p

I M~

lvec”(V[,,]me)(R,; " ® R, "vec(Vy,Ry)

(A3)

where the identity tr(ABCD) = vec?(A")(D” @ B)vec(C) has
been used. Eq. (A.3) can be written more compactly as

P
FIM=L ¥ DYR," @ R, D, (A4)
p=1

where

Dy = V,rvec(Ry). (A.5)
Let f; = h,og,. Then the required terms are calculated as
Vo, vec(Ry) = (Vo F)f +£3°(Vo, £tk p (A6)
Vg, Vec(Ry) = (V, F)°f i+ £o(Vy, fi)a (A7)
Vo, Vec(Ry) = frof (A.8)
V,2vec(Rp) = 1yn (A.9)
Vo £ = (Vo ) (A10)

Vo ke = (Vg )8 (A11)
Vo8 =0 @l zjeiZBk we J(M = 1)@™ = 1DoeqT (A.12)
Vg = [0 &% 2je% ... j(N—1)efN—DoT, (A13)

The CRLB is the inverse of the FIM. Its diagonal elements are
the variances of the parameters in 7.
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